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LOGISTICS - UPCOMING

Homework:
*k HW2 is out and is due on Friday, Feb 17,2023 end of day

*k There i1s a survey, don't miss!

*k HW I solutions will be uploaded soon
*k HW I grading will be done by Monday, Feb |2, 2023



OUTLINE - TODAY

%k Back to Binary Classification
*k Hard-margin SVMs

% Formulation

% Dual version
% Support vectors
Kk Soft-margin SVMs

% Formulation

% Optimization viewpoint



SUPERVISED LEARNING - BINARY CLASSIFICATION

Input space: 2 C R¢
Output space: % = {—1,1}

Predictor function: f : & — ¥.fe &#
0 iffix)=y

1 otherwise.

Loss function: £(f(x),y) = {

Data: {(x{,y{),...,(x,,V,)} C & X Y drawn Li.C

from ¢

istribution &



HYPOTHESIS CLASS - LINEAR CLASSIFIER

We will keep the bias
Linear Classifier: # = {x — S|gn(w X+ b)|w €& IRd b e R}

w'x+b>0 wix+b=0

sien(a) = +1 1ta >0,
5 —1 otherwise.




BES T SEPARATING HYPERPLANE - MAX-MARGIN

Which hyperplane is better?




BES T SEPARATING HYPERPLANE - MAX-MARGIN

Margin of a hyperplane w'x + b = 0

Cw'x, +b]
y(w,b) = min ——
iclm] — [[wll
Distance of closest point from the hyperplane ®

SVM finds a hyperplane that maximizes margin

Margin Perceptron found a hyperplane with margin y/3 not y




OPTIMIZATION PROBLEM - MAX-MARGIN

max y(w, b)
w,b

margin

such that yl(w x;+b)>0,Vi € [m]

(w b) linearly separates data

Substituting for margin:

|
max min |w ' x;+ b

w.b W], ie[m

margin

such that yl(w x:+b)>0,Vi € [m]

(w b) linearly separates data



OPTIMIZATION PROBLEM - MAX-MARGIN

.
max min (w'x; + b
w,b |wl|, ielm]

| - - 4

margin

such that yv(w'x;+b) > 0,Vi € [m]

(w,b) linearly sveparates data

s there a unique solution?

We can fix the scale by setting min |WTXZ- + b| = 1.
1€|m]|

Puts a constraint on w, b
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OPTIMIZATION PROBLEM - FIXED SCALE

Adding scale constraint:

1

: 2

Hvlf}?X min —[[w]|5
’ w.,b 2

margin

such that y(w'x;,+b) > 0,Vi € [m]

(w,b) linearly sveparates data

min |w'x, +b| =1
1€|m]

) - - 4

fixed scale

What kind of optimization problem is this?
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OPTIMIZATION PROBLEM - QUADRATIC PROGRAM

min —HWH2
w.,b 2 :

such that yl-(wai + b) > 0,Vi € [m]

min |w'x;+b| =1
1€|m]|

s this a convex problem!?




OPTIMIZATION PROBLEM - CONVEX TRICK

min —||w||2
w,b 2 2

such that y(w'x, +b) > 0,Vi € [m]

m[in] |wal-+b| =1
. ielm
min —||w]|3
w.,b 2 :

such that y(w'x;+b) > 1,Vi € [m]

This is a convex QP! Can use existing solvers!

Homework: VWork out why these two are equivalent



RECAP - DUALITY

Primal. Dual
min J(w) max D(a)
w 0/
such that c(w) <0,Vi € [m] such that a; 2 0,Vi € [m]
Lagrangian: Lagrange (dual):
Lw,a) =Jw) + Z a.c(w) D(a) = min ZL(w, a)
=1

KKT conditions for optimal w, a:

.V, Zw,a) =0

Strong duality:

J*¥ = mmmax L (w,a) = maxmin £ (w, a) = D*
w  a>0 a>0 w

2. ac(w)=0foralli € [m]



OPTIMIZATION - DUAL

Primal: Dudl
min —|Iwll5 max D(a)
w,b 2 o
such that 1 —y(w'x,+b) <0,Vi € [m] such that a; < 0,Vi € [m]
Lagrangian: | agrange (dual)
Lo ;
Lw,b,@) = —IWll3 + ) (1 = y,wTx; + b)) D(a) = min Z(w, b, @)
=1 w,b

Convex QP satisfies strong duality/ KKT conditions



OPTIMIZATION - DUAL

Lagrangian:

1 m
Lw.b,a)=—|lwl3+ ) a(l —yw'x+ b))
2 =1
Lagrange (dual):

D(a) = min £ (w, b, #) = min (%HWH% + 2 a(l —y(w'x, + b)))

b b
. v i=1

Unconstrained convex optimization problem so we can minimize by setting gradient to 0

V,Zw,b,a) =w — Z ayx, =0 = w= Z A; VX
- i=1

7=l
V, Zw,b,a) = — Z ay, =0 = Z a;y; = 0.
i=1 i=1
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OPTIMIZATION - DUAL

1 m m

-
max max _3 Z Z a;;y;y j(xi xj) + Zl a;
=

i a;y; =0
i=1

a; > 0,Vi € [m]

such that

m
Solve fora =—> w = Z Q;V;X;
i=1



OPTIMIZATION - SUPPORT VECTORS

Complementary slackness conditions for optimal w, b, a:
a(l — yl-(wal- + b)) =0 forall i € [m]
either o, = 0 or y(w'x;, + b) = 1

Support vectors:

SV={ie|m]:a >0}

m
W= Z qyX; == W= z A;YiX;
i=1 ieSvV

b=y —w'x foranyi € SV



SVM - PRIMAL & DUAL

Primal Dual
1 I ¢
min  —|wl; max =23 Y a4 Za
w,b 2 . i=1 j=1

h that w'x,+b) > 1,Vi e [m i
PHE e Vil l )2 ] such that Z ay: =0

a; > 0,Vi € [m]

d + 1 variables m variables



DATA - NON-5EPARABLE

: 2
min — W
i 2H I
suchthat  y(w'x,+b) > 1,Vi € [m] ®

'
l .
.
.
.
.
.
5 "
.
.
.
.

suchthat — y(w'x;+b) > 1-&,Vie[m] .~

Slack

w,b

1 m
- 2
min - —[lwll3+ ci§:1j, 3




SOFI[-SVM - PRIMAL & DUAL

Primal Dual
min —HWH% + CZ ¢, e ) Z Z 0,05y VX, X;) + Z e
w,b.E; 2 — i=1 j=1 i=1
such that yw'x,+b)>1— & Vi€ [m] such that Z a;y; =0
& = 0,Vi e [m] =1

0 <a <C,Vi€e[m]

d + m + 1 variables m variables
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SOF[-SVM - LOSS MINIMIZATION VIEW

1 m
: g)
min —Iwll5 + C -
min il le, 3

suchthat  y(w'x;+b) > 1—¢,Vi € [m]

. | 1
s equivalent to the following loss minimization problem for C = ——:
2Am
1 - ) s — ingetoss |
min— ) max(0,1 — y,(w"x; + b)) + A||w]| = oo
W,b m i—1 a} _

£ »-regularized hinge loss minimization

2|




